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AN IMPROVED MOSER–TRUDINGER INEQUALITY
INVOLVING THE FIRST NON-ZERO NEUMANN EIGENVALUE
WITH MEAN VALUE ZERO IN R2
QU´ˆOC ANH NGOˆ AND VAN HOANG NGUYEN
Abstract. Let Ω be a smooth bounded domain inR2 and λN(Ω) the first non-
zero Neumann eigenvalue of the operator −∆ on Ω. In this paper, for any γ ∈
[0, λN(Ω)), we establish the following improved Moser–Trudinger inequality
sup
u
∫
Ω
e2piu
2
dx < +∞
for arbitrary functions u in H1(Ω) satisfying
∫
Ω
udx = 0 and ‖∇u‖2
2
−α‖u‖2
2
6
1. Furthermore, this supremum is attained by some function u∗ ∈ H1(Ω). This
strengthens the results of Chang and Yang (J. Differential Geom. 27 (1988)
259–296) and of Lu and Yang (Nonlinear Anal. 70 (2009) 2992–3001).
1. Introduction
On a smooth bounded domain Ω in Rn with n > 2, the classical Sobolev in-
equality tells us that there is a continuous embedding W k,p(Ω) →֒ Lq(Ω) for all
1 6 q 6 np/(n− kp) provided p < n/k. Here W k,p(Ω) is the usual Sobolev space
constructed as the completion of C∞0 (Ω) under a suitable norm. However, in the
borderline case p = n/k, the continuous embedding W k,p(Ω) →֒ L∞(Ω) is no longer
available by some easy examples. In this case, the so-called Moser–Trudinger in-
equality is a perfect replacement.
This inequality, in the form due to Trudinger [Tru67], asserts that
sup
u∈W 1,n(Ω),‖∇u‖n61
∫
Ω
exp
(
γ|u| nn−1 )dx < +∞ (1.1)
for some non-negative constant γ. In (1.1) we denote by ‖ · ‖p the usual Lp-norm.
The mathematical meaning of (1.1) is that the Sobolev space W 1,n(Ω) can be
continuously embedded into the Orlicz space associated with the Young function
exp(tn/(n−1)) − 1. As remarked in [Cia05], such an embedding was announced,
without proof, by Yudovicˇ [Yud61] and independently was proved, in a slightly
weaker form, by Pohozˇaev [Poh65, Poh65e]. After the seminal work [Tru67], a lot
of generalizations and improvements of (1.1), including the exhibition of the largest
constant γ in which the inequality (1.1) still holds, have been made.
In fact, one cannot expect that there is no upper bound for γ in which (1.1)
holds. The problem of specifying such an upper bound, for functions u belonging
in the subspace W 1,n0 (Ω) of W
1,n(Ω) was completely solved by Moser. In [Mos70],
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it was proved that
sup
u∈W 1,n0 (Ω),‖∇u‖n61
∫
Ω
exp
(
γ|u| nn−1 )dx < +∞ (1.2)
for any γ 6 γn := nω
1/(n−1)
n−1 . Here the subspace W
1,n
0 (Ω) is the completion of
C∞(Ω) in W 1,n(Ω) and by ωn−1 we mean the area of the unit (n−1)-sphere in Rn.
(In the special case n = 2, we simply denote W 1,n(Ω) by H1(Ω) and W 1,n0 (Ω) by
H10 (Ω) for simplifying notation.) Here the constant γn is sharp and by the sharp
constant γn we mean the left hand side of (1.2) becomes infinity if γ > γn. A
sharp version of (1.2) for higher order derivatives, meaning that the the following
inequality
sup
u∈W
m,n/m
0 (Ω),‖∇
mu‖n/m61
∫
Ω
exp
(
γn,m|u| nn−m
)
dx < +∞ (1.3)
with a sharp constant γn,m with n > m, was established by Adams [Ada88].
It is now widely recognized that the Moser–Trudinger inequality (1.2) as well
as the Adams inequality (1.3) and their variants have a strong impact in studying
nonlinear partial differential equations. Although the inequality (1.2) has rapidly
captured attention and a number of generalizations have been done, however, a
prior to a work due to Chang and Yang [CY88], all known results involving (1.2)
are essentially limited to functions vanishing on ∂Ω.
In [CY88], limited to the two-dimensional case, Chang and Yang proved a sharp
Moser–Trudinger inequality for functions in H1(Ω) with mean value zero as follows
sup
u∈H1(Ω),
∫
Ω
udx=0,‖∇u‖261
∫
Ω
exp(γu2)dx < +∞, (1.4)
for any γ 6 2π. Moreover, the constant 2π is sharp in the sense that if γ >
2π, then the supremum in (1.4) is infinity. A generalization of (1.4) to arbitrary
dimension was proved by Cianchi [Cia05] by using an asymptotically sharp relative
isoperimetric inequality for domains in Rn.
The motivation of writing this paper traces back to the two works by Lu and
Yang in [LY09] and by Yang in [Yan15]. However, before we mention the main
result in [LY09], let us first recall an interesting result due to Adimurthi and Druet.
In [AD04], the authors essentially improve (1.2) with n replaced by 2 by showing
that the inequality
sup
u∈H10 (Ω),‖∇u‖261
∫
Ω
exp
(
4πu2(1 + α‖u‖22)
)
dx < +∞ (1.5)
holds for any α ∈ [0, λD(Ω)) where λD(Ω) is the first (non-zero) Dirichlet eigenvalue
of the operator −∆ on Ω.
In [LY09], Lu and Yang essentially sharpened the Chang and Yang inequality
(1.4) in the spirit of the Adimurthi and Druet inequality (1.5). To understand their
generalization, let us first denote by
◦
H1(Ω) a close subspace of H1(Ω). given by
◦
H1(Ω) =
{
u ∈ H1(Ω) :
∫
Ω
udx = 0
}
.
We also denote by
λN(Ω) = inf
{
‖∇u‖22 : u ∈
◦
H1(Ω),
∫
Ω
|u|2dx = 1
}
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the first non-zero Neumann eigenvalue of the operator −∆ on Ω. We also let
q(t) = 1 + a1t+ · · ·+ aktk be a polynomial of order k with coefficients satisfying
0 6 a1 < λ
N(Ω), 0 6 a2 6 λ
N(Ω)a1, . . . , ak 6 λ
N(Ω)ak−1. (1.6)
The main result in [LY09] is to establish the following inequality
sup
u∈H1(Ω),‖∇u‖261,
∫
Ω
udx=0
∫
Ω
exp
(
2πu2q(‖u‖22)
)
dx < +∞. (1.7)
Moreover, if the first coefficient a1 > λ(Ω), then the supremum in (1.7) will be
infinite for any choice of other coefficients a2,..., ak. Clearly the inequality (1.7)
is an improvement of the Chang–Yang inequality (1.4) in spirit of Adimurthi and
Druet [AD04] for the Moser–Trudinger inequality (1.2). Such an improvement was
recent proved for Moser–Trudinger inequality in whole space Rn by do O´ and de
Souza [dOS14, dOS15] and for sharp Adams inequality in dimension four by Lu and
Yang [LY09]. It was also proved in [LY09] that there exists 0 < ε0 6 λ(Ω) such that
the supremum in (1.7) is attained for any 0 6 a1 < ε0. In particular, there exists
extremal functions for (1.4). For more about the existence of extremal functions for
Moser–Trudinger inequality (1.2) and its generalization, we refer reader to [CC86,
CR15, CR16, Flu92, Li01, Lin96, Yan06, Yan07] and references therein.
Let us now discuss Yang’s results in [Yan15]. Among other things, for each
α ∈ [0, λD(Ω)) fixed, by introducing an equivalent norm on H1(Ω) being orthogonal
to constant functions,
‖u‖21,α = ‖∇u‖22 − α‖u‖22,
thanks to the Poincare´ inequality, the following inequality in spirit of Adimurthi
and Druet [AD04] and Tintarev [Tin14]
sup
u∈H10 (Ω),‖u‖1,α61
∫
Ω
exp
(
4πu2
)
dx < +∞ (1.8)
was proved; see [Yan15, Theorem 1]. Furthermore, the supremum in (1.8) can be
attained by some function.
In this note, we aim to prove another improvement of (1.7) in the same fashion
of the Yang inequality (1.8). Still using the norm ‖ · ‖1,α on the subspace of H1(Ω)
being orthogonal to constant functions, our first result reads as follows.
Theorem 1.1. Let Ω be a smooth bounded domain in R2 and 0 6 α < λN(Ω).
There holds
sup
u∈
◦
H1(Ω),‖u‖1,α61
∫
Ω
e2piu
2
dx < +∞. (1.9)
Clearly, our inequality (1.9) in Theorem 1.1 implies the Chang and Yang (1.4)
when α = 0; hence it is an improvement of (1.4). We note that generalizations in
the fashion of Theorem 1.1 have already existed in the literature. For instance, Yang
and Zhu [YZ17] proved a similar result for a singular Moser–Trudinger inequality
in dimension two and a similar result for the Adams inequality (1.3) in dimension
four was also proved by the second author in [Ngu17].
Next, we would like to compare our inequality (1.9) and the Lu and Yang inequal-
ity (1.7). As shown in [Ngu17, Section §6], for any choice of a1, . . . , ak satisfying
(1.6), we always can choose some small number α ∈ (0, λN(Ω)) such that
q(‖u‖22) 6 1/(1− α‖u‖22)
for any u ∈ H1(Ω) satisfying ∫
Ω
udx = 0 and ‖∇u‖2 6 1. Simply choosing v =
u(1 − α‖u‖22)−1/2, we deduce that v ∈
◦
H1(Ω) and that ‖∇v‖1,α 6 1. However,
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u2q(‖u‖22) 6 v2. Therefore our inequality (1.9) is indeed stronger than the one of
Lu and Yang (1.7). Before going to an other result, let us mention the following
corollary.
Corollary 1.2. Let Ω be a smooth bounded domain in R2 and 0 6 α < λN(Ω).
Then there exists some constant C > 0 such that for all u ∈ H1(Ω), there holds
log
(∫
Ω
eudx
)
6
1
8π
∫
Ω
|∇u|2dx− α
8π
∫
Ω
u2dx+
1
|Ω|
∫
Ω
udx+ C. (1.10)
Next we discuss our second result concerning to extremal functions for (1.9). We
shall prove the following.
Theorem 1.3. Let Ω be a smooth bounded domain in R2 and let α ∈ [0, λN(Ω)).
Then there exists a function u∗ ∈ H1(Ω) satisfying ∫
Ω
u∗dx = 0 and ‖u∗‖1,α = 1
such that ∫
Ω
e2piu
∗2
dx = sup
u∈
◦
H1(Ω),‖u‖1,α61
∫
Ω
e2piu
2
dx < +∞;
that is, the supremum in (1.9) is attained by u∗.
The proof of Theorems 1.1 and 1.3 is based on blow-up analysis. For interested
readers on this method, we refer to the book [DHR04]; see also [AD04, Li01, Lin96,
Ngu17, Yan06, Yan07, YZ17] for more detail on this technique. It is important to
note that, unlike the case treated in [Ngu17], in our situation, the blow-up behavior
can occur on the boundary ∂Ω as in [LY09], which makes the analysis more difficult
and rather involved.
The organization of this paper is as follows. In the next section §2 we prove a
subcritical version of (1.9) as well as the existence of extremal functions for this
subcritical inequality. Then in order to prove the critical inequality, we analyze
the asymptotic behavior of the sequence of extremal functions for the subcritical
inequality in section §3 and establish some capacity estimates in section §4, which
eventually lead us to the proof of Theorems 1.1 and 1.3 in section §5. Finally, we
prove Corollary 1.2 in subsection §5.3 and provide an application of Corollary 1.2
in section §5.3; see Theorem 5.1.
2. Extremal functions for the subcritical case
In this section, we study a subcritical Moser–Trudinger inequality for functions
with mean value zero in H1(Ω). For each 0 < ε < 2π, we denote
Cε = sup
u∈
◦
H1(Ω),‖u‖1,α61
∫
Ω
exp((2π − ε)u2)dx.
Our main result in this section is the following.
Proposition 2.1. Let Ω be a smooth bounded domain in R2 and let 0 6 α <
λN(Ω). Then for any 0 < ε < 2π, we have that Cε < +∞ and that there exists
uε ∈
◦
H1(Ω) ∩ C∞(Ω) such that ‖uε‖1,α = 1 and
Cε =
∫
Ω
e(2pi−ε)u
2
εdx. (2.1)
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The Euler–Lagrange equation of uε is given by
−∆uε = λ−1ε eαεu
2
εuε + αuε − λ−1ε µε in Ω,
∂uε
∂ν
= 0 on ∂Ω,
‖∇uε‖1,α = 1,
αε = 2π − ε,
µε =
1
|Ω|
∫
Ω
eαεu
2
εuεdx,
λε =
∫
Ω
eαεu
2
εu2εdx.
(2.2)
Furthermore, there holds
lim inf
ε→0
λε > 0. (2.3)
In the proof of Proposition 2.1, inspired by [Lio85], we need the following Lions-
type concentration–compactness principle for functions in H1(Ω) with mean value
zero.
Lemma 2.2. Let {uj}j ⊂
◦
H1(Ω) such that ‖uj‖1,α = 1 and uj ⇀ u0 in H1(Ω)
then for any 0 < p < 1/(1− ‖u0‖21,α), there holds
lim sup
j→∞
∫
Ω
e2pipu
2
jdx < +∞.
Proof. By the Poincare´ inequality, we have ‖uj‖22 6 λN(Ω)−1‖∇uj‖22, hence we get
‖∇uj‖22 6
λN(Ω)
λN(Ω)− α
for any j. Consequently, the sequence {uj}j is bounded in H1(Ω). Up to a subse-
quence, we assume, in addition, that uj → u0 in Lq(Ω) for any 1 6 q < +∞ and
uj → u0 a.e. in Ω. We have
‖∇uj −∇u0‖22 = ‖∇uj‖22 − ‖∇u0‖22 + o(1) = 1− ‖u0‖21,α + o(1).
Thus, for any p < 1/(1 − ‖u0‖21,α), there exists j0 such that p‖∇(uj − u0)‖22 6
(p+1)/2 < 1 for any j > j0 hence our conclusion is a consequence of the inequality
of Chang and Yang (1.4) and the elementary inequality ab 6 γa2+ b2/(4γ) for any
γ > 0. 
Proof of Proposition 2.1. Let {uj}j be a maximizing sequence for Cε. Under the
condition
∫
Ω
ujdx = 0 and by using the Poincare´ inequality as in proof of Lemma 2.2
above, we see that {uj}j is bounded in H1(Ω). Thus we can assume, in addition,
that uj ⇀ uε weakly in H
1(Ω), uj → uε in Lq(Ω) for any 1 6 q < +∞, and
uj → uε a.e. in Ω. If the limit function uε ≡ 0, then by Lemma 2.2, we can choose
1 < p < 2π/αε in such a way that {exp(αεpu2j)}j is bounded in L1(Ω), which
implies that
Cε = lim
j→∞
∫
Ω
eαεu
2
jdx = |Ω|,
which is impossible. Hence uε 6≡ 0. By Lemma 2.2, we can choose 1 < p <
1/(1− ‖uε‖21,α) such that {exp(αεpu2j)}j is bounded in L1(Ω), hence
Cε = lim
j→∞
∫
Ω
eαεu
2
jdx =
∫
Ω
eαεu
2
εdx.
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Obviously, we have
∫
Ω uεdx = 0. By the lower semi-continuous, we have ‖uε‖1,α 6
1. If ‖uε‖1,α < 1, then we easily get a contradiction because
Cε =
∫
Ω
exp
(
αε‖uε‖21,α
u2ε
‖uε‖21,α
)
dx <
∫
Ω
exp
(
αε
u2ε
‖uε‖21,α
)
dx 6 Cε.
This shows that ‖uε‖1,α = 1 and hence uε is a maximizer for Cε. A straightforward
computation shows that the Euler–Lagrange equation of uε is given by (2.2). By
standard elliptic theory [GT01], we get from (2.2) that uε ∈ C∞(Ω). To prove
(2.3), we use the inequality et 6 1 + tet for any t > 0, thus
αελε >
∫
Ω
exp(αεu
2
ε)dx − |Ω|.
Dividing both sides by αε and sending ε to zero, we obtain
lim inf
ε→0
λε >
1
2π
[
sup
u∈
◦
H1(Ω),‖u‖1,α61
∫
Ω
e2piu
2
dx− |Ω|
]
> 0
thanks to Lemma 3.3 below. Thus we have (2.3) as claimed in (2.3). 
Note that by the elementary inequality tet
2
6 e+t2et
2
for any t > 0, we conclude
that |µε| 6 e|Ω|+ λε. Hence, there is c > 0 such that
λ−1ε |µε| 6 c (2.4)
for all ε > 0.
3. Asymptotic behavior of extremals for subcritical functionals
In this section, we study the asymptotic behavior of functions uε given in section
§2. Denote cε = maxΩ |uε|. If cε is bounded, then by applying standard elliptic
theory to (2.2), we see that uε → u∗ in C2(Ω), which implies Theorems 1.1 and
1.3. Hence, without loss of generality, we assume that
cε = uε(xε) = max
Ω
|uε| → ∞ (3.1)
for some sequence of point {xε} converging to some point p ∈ Ω. In the sequel, we
do not distinguish a sequence and its subsequence. The reader can understand it
from the context.
First, an application of the Poincare´ inequality implies that {uε}ε is bounded in
H1(Ω). From this we can deduce that as ε→ 0
• uε ⇀ u0 weakly in H1(Ω),
• uε → u0 in Lq(Ω) for any 1 6 q < +∞ and
• uε → u0 a.e. in Ω.
If u0 6≡ 0, then there exist r > 1 such that exp(αεu2ε) is bounded in Lr(Ω) provided
ε > 0 small enough. Applying standard elliptic theory to (2.2), we get that cε is
bounded, which is impossible. Hence u0 ≡ 0.
In the rest of the present section, we examine the blow-up sequence {uε} as well
as the blow-up ponit p. Our first property involves the blow-up point.
Claim 1. There holds p ∈ ∂Ω.
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Proof of Claim 1. Indeed, if otherwise, we can take r > 0 sufficiently small such
that Br(p) ⊂ Ω. Considering the cut-off function χ ∈ C∞0 (Br(p)) such that 0 6
χ 6 1 and χ = 1 in Br/2(p). Fix a small number δ > 0, we have∫
Ω
|∇(χuε)|2dx =
∫
Ω
|χ∇uε + uε∇φ|2dx
6 (1 + δ)
∫
Ω
|∇uε|2dx+
(
1 +
1
δ
)∫
Ω
u2ε|∇φ|2dx
6 (1 + δ) +
[
(1 + δ)α+ C
(
1 +
1
δ
)]
‖uε‖22,
where C = sup |∇χ|2. Thus for ε small enough, we get that ‖∇(χuε)‖22 6 1 + 2δ <
3/2 provided δ ∈ (0, 1/4). Applying the Moser–Trudinger inequality (1.2), we see
that exp(αεχ
2uε) is bounded in L
q(Ω) for some q > 1, hence exp(αεu
2
ε) is bounded
in Lq(Br/2(p)) for some q > 1. Applying standard elliptic theory to (2.2), we
obtain the boundedness of uε in C
1(Br/2(p)). In particular, cε is bounded, which
contradicts to (3.1). 
Keep in mind that uε → 0 strongly in any Lq(Ω) with 1 < q < +∞. Next we
want to show the following.
Claim 2. As ε→ 0 there holds
|∇uε|2dx ⇀ δp (3.2)
in the sense of measure.
Proof of Claim 2. Indeed, by the definition of ‖ · ‖1,α we observe that ‖∇uε‖22 =
1 + α‖uε‖22 → 1 as ε → 0. If (3.2) does not hold, then there exist r > 0 small
enough and µ < 1 such that
lim
ε→0
∫
Br(p)∩Ω
|∇uε|2dx < µ.
Still let χ be a cut-off function as above, define
χε = χuε − 1|Ω|
∫
Ω
χuεdx.
Then
∫
Ω χεdx = 0 and by the similar estimate as in the proof of Claim 1 we have∫
Ω
|∇χε|2dx 6 (1 + δ)
∫
Br(p)
|∇uε|2dx+
(
1 +
1
δ
) ∫
Ω
|uε|2|∇χ|2dx,
for any δ > 0. Since uε → 0 in L2(Ω), |∇χ| is bounded, and µ ∈ (0, 1), by fixing
δ > 0 sufficient small, there exists some ε0 > 0 such that∫
Ω
|∇χε|2dx < 1 + µ
2
< 1
for all ε < ε0. Thanks to αε = 2π − ε, we apply the Moser–Trudinger inequality of
Chang and Yang (1.4) to obtain the boundedness of exp(αεχ
2
ε) in L
s(Br/2(p) ∩Ω)
for some s > 1. Note that
χ2u2ε 6 (1 + t)χ
2
ε +
1 + t
t
(
1
|Ω|
∫
Ω
uεχdx
)2
for any t > 0 and that uε → 0 in L2(Ω). Therefore, by choosing t > 0 small, we
easily verify that exp(αεu
2
ε) is bounded in L
q(Br/2(p) ∩ Ω) for some q > 1. Notice
from (2.2) that ∂uε/∂ν = 0 on ∂Ω. By boundary elliptic estimate, we obtain the
boundedness of uε near p, which contradicts to (3.1). Thus |∇uε|2dx ⇀ δp in the
sense of measure. 
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Denote rε =
√
λεc
−1
ε e
−(αε/2)c
2
ε . Our next task is to estimate rε.
Claim 3. As ε→ 0 there holds rε → 0.
Proof of Claim 3. Indeed, for any β < 2π fixed we have αε − β > 0 for any ε > 0
sufficient small. In addition, by the definition of λε in (2.2) and cε in (3.1), there
holds
r2εc
2
εe
βc2ε =
∫
Ω
e(αε−β)(u
2
ε−c
2
ε)eβu
2
εu2εdx 6
∫
Ω
eβu
2
εu2εdx→ 0
by (1.4), the Ho¨lder inequality, and the fact uε → 0 in Lq(Ω) for any 1 6 q < +∞.
From this we obtain the desired limit because cε → +∞. 
We continue studying the blow-up behavior of uε near p. Following the argument
in [LY09], let us take an isothermal coordinate system (U , φ) around the blow-up
point p such that:
• φ(p) = 0,
• φ : U ∩ ∂Ω→ B1 ∩∂R2+, and
• φ : U ∩ Ω→ B1 ∩R2+
where R2+ = {(y1, y2) : y2 > 0} and the symbol B is used to denote balls in R2. In
such the coordinates, the original flat metric g = dx21 + dx
2
2 has the representation
g = e2f(y)(dy21 + dy
2
2) with f(0) = 0. We define a new function u˜ε on B1 by
u˜ε(y) =
{
(uε ◦ φ−1)(y1, y2) if y2 > 0,
(uε ◦ φ−1)(y1,−y2) if y2 < 0.
(3.3)
Since ∂νuε = 0 on ∂Ω, there holds ∂y2 u˜ε(y1, 0) = 0; hence u˜ε ∈ C1(B1). Denote
yε = φ(xε) and Uε = {y ∈ R2 : yε + rεy ∈ B1}. Since yε → 0 and rε → 0, the set
Uε → R2. We define two sequences of scaled functions ψε and ϕε on Uε byψε(y) =
u˜ε(yε + rεy)
cε
,
ϕε(y) = cε(u˜ε(yε + rεy)− cε).
(3.4)
A straightforward computation shows that ψε and ϕε satisfy the following equations
−∆yψε =c−2ε ψεeαεc
2
ε(ψ
2
ε−1) + r2εαψε − c−1ε r2ε
µε
λε
,
−∆yϕε =ψεeαεϕε(1+ψε) + cεr2εαψε − cεr2ε
µε
λε
,
on Uε. Since |ψε| 6 1, we know that as ε→ 0
|∆yψε| 6 c−2ε + r2εα+ c−1ε r2ε
µε
λε
→ 0
uniformly in BR(0) for a fixed R > 0, here we use (2.4). Since ψε(0) = 1, by
standard elliptic theory, we get ψε → 1 in C1(BR/2(0)). Since ϕε 6 ϕε(0) = 0,
again using standard elliptic theory, we also get ϕε → ϕ in C1(BR/4(0)) for any
R > 0. Such a local convergence in R2 implies that ϕ solves
−∆ϕ = e4piϕ in R2,
ϕ 6 ϕ(0) = 0,∫
R2
e4piϕdx 6 2.
(3.5)
Using a well-known classification result of Chen and Li [CL91], we get that
ϕ(x) = − 1
2π
log
(
1 +
π
2
|x|2
)
(3.6)
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in R2. In particular, there holds
∫
R2
e4piϕdx = 2. By writing yε = ((yε)1, (yε)2),
we also get the following claim.
Claim 4. As ε→ 0 there holds r−1ε (yε)2 → 0.
Proof of Claim 4. Indeed, by way of contradiction, we have that
lim sup
ε→0
r−1ε (yε)2 = a > 0
and that∫
BR(0)
e4piϕdy = lim
ε→0
∫
BR(0)
eαε(1+ψε)ϕεdy = lim
ε→0
∫
BR(0)
eαεu˜
2
ε(yε+rεy)−αεc
2
εdy
= lim
ε→0
c2ε
λε
∫
BRrε (yε)
eαεu˜
2
εdy 6 lim
ε→0
c2ε
∫
BRrε (yε)
eαεu˜
2
εdy∫
BRrε (yε)∩R
2
+
u˜2εe
αεu˜2εdy
= lim
ε→0
(1 + oε(R))
∫
BRrε (yε)
eαεu˜
2
εdy∫
BRrε (yε)∩R
2
+
eαεu˜
2
εdy
,
since u˜2ε = c
2
ε(1 + oε(R)) on BRrε(yε). Making use of a change of variables, we get∫
BR(0)
e4piϕdy 6 lim
ε→0
(1 + oε(R))
∫
BR(0)
eαε(1+ψε)ϕεdy∫
BR(0)∩{y2>−(yε)2/rε}
eαε(1+ψε)ϕεdy
=
∫
BR(0)
e4piϕdy∫
BR(0)∩{y2>−a}
e4piϕdy
Letting R→∞ we get ∫
R2
e4piϕdy < 2 which is impossible. 
For any c > 1, define ucε = min{cε/c, uε}. Then we have the following result.
Lemma 3.1. For any c > 1, there holds
lim
ε→0
∫
Ω
|∇ucε|2dx =
1
c
.
Proof. We follows the arguments in [Li01]; see also [Yan06]. Since ∂νuε = 0 on ∂Ω,
using integration by parts we have∫
Ω
|∇ucε|2dx =
∫
Ω
∇ucε∇uεdx =
∫
Ω
ucε(−∆uε)dx
=
1
λε
∫
Ω
ucεuεe
αεu
2
εdx+ α
∫
Ω
ucεuεdx−
µε
λε
∫
Ω
ucεdx
>
cε
cλε
∫
{uε>cε/c}
uεe
αεu
2
εdx+ oε(1).
For any R > 0, since ψε → 1 in C1(BR(0)), there holds φ−1(BRrε(yε) ∩ R2+) ⊂
{uε > cε/c} for ε > 0 sufficient small. Thus∫
Ω
|∇ucε|2dx >
cε
cλε
∫
φ−1(BRrε (yε)∩R
2
+
)
uεe
αεu
2
εdx+ oε(1)
=
cε
cλε
∫
BRrε (yε)∩R
2
+
u˜εe
αεu˜
2
εdy + oε(1)
=
1
c
∫
BR(0)∩{y2>−(yε)2/rε}
ψεe
αε(1+ψε)ϕεdy + oε(1).
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Whence
lim
ε→0
∫
Ω
|∇ucε|2dx >
1
c
∫
BR(0)∩{y2>0}
e4piϕdy.
Let R→∞ we get
lim
ε→0
∫
Ω
|∇ucε|2dx >
1
c
.
By the same way, we have
lim
ε→0
∫
Ω
∣∣∣∇(uε − cε
c
)
+
∣∣∣2dx > 1− 1
c
.
(Here we use the notation f+ to denote the positive part of f .) Notice that∫
Ω
|∇ucε|2dx+
∫
Ω
∣∣∣∇(uε − cε
c
)
+
∣∣∣2dx = ∫
Ω
|∇uε|2dx = 1 + oε(1).
From this we get the conclusion. 
Lemma 3.2. There holds
lim sup
ε→0
∫
Ω
eαεu
2
εdx 6 |Ω|+ lim sup
ε→0
λε
c2ε
.
Proof. Fix 0 < c < 1 and define
ucε = min{uε, cε/c},
vcε = u
c
ε −
1
|Ω|
∫
Ω
ucεdx.
By Lemma 3.1 and (1.4), there exists p > 1 such that exp(αε(v
c
ε)
2) is bounded in
Lp(Ω) for ε small. Since uε → 0 in Lr(Ω) for any r < +∞, then there exists q > 1
such that exp(αε(u
c
ε)
2) is bounded in Lq(Ω) for ε small enough. Thus
lim
ε→0
∫
Ω
eαε(u
c
ε)
2
dx = |Ω|.
In the other hand, we have∫
Ω
eαεu
2
ε 6
∫
Ω
eαε(u
c
ε)
2
dx+
∫
{uε>cε/c}
eαεu
2
εdx
6
∫
Ω
eαε(u
c
ε)
2
dx+
c2
c2ε
∫
Ω
u2εe
αε(u
c
ε)
2
dx
=
∫
Ω
eαε(u
c
ε)
2
dx+ c2
λε
c2ε
.
Letting ε→ 0 and then letting c→ 1 we get the conclusion. 
Lemma 3.3. There holds
lim sup
ε→0
∫
Ω
eαεu
2
εdx = sup
u∈
◦
H1(Ω),‖u‖1,α=1
∫
Ω
e2piu
2
dx.
Proof. This is elementary. Indeed, using the definition of Cε and (2.1) we know
that
∫
Ω exp
(
(2π − ε)u2ε
)
dx is monotone increasing with respect to ε > 0. Hence
the limit lim supε→0
∫
Ω
exp
(
(2π − ε)u2ε
)
dx exists, however, it could be infinity. To
conclude the lemma, we first observe that for arbitrary ε, the function uε ∈
◦
H1(Ω)
with ‖uε‖1,α 6 1. Therefore,
lim sup
ε→0
∫
Ω
eαεu
2
εdx 6 sup
u∈
◦
H1(Ω),‖u‖1,α61
∫
Ω
e2piu
2
dx.
MOSER–TRUDINGER INEQUALITY WITH MEAN VALUE ZERO IN R2 11
Conversely, for any function u ∈
◦
H1(Ω) satisfying ‖u‖1,α = 1, by the Fatou lemma,
we have ∫
Ω
e2piu
2
dx 6 lim inf
ε→0
∫
Ω
eαεu
2
dx 6 lim inf
ε→0
∫
Ω
eαεu
2
εdx.
Taking supremum all over such functions u, we get
sup
u∈
◦
H1(Ω),‖u‖1,α61
∫
Ω
e2piu
2
dx 6 lim inf
ε→0
∫
Ω
eαεu
2
εdx.
Thus, we have proved that
lim
ε→0
∫
Ω
eαεu
2
εdx = sup
u∈
◦
H1(Ω),‖u‖1,α61
∫
Ω
e2piu
2
dx.
as claimed. 
Although we do have the strong convergence uε → 0 in Lp(Ω) for any 1 6 p <
+∞ and the convergence in measure established in Claim 2, it is not clear how
uε converges; in fact, we can say more about uε. In the final part of our blow-up
analysis, we provide an asymptotic behavior of uε away from the blow-up point p.
Proposition 3.4. We have cεuε ⇀ G weakly in W
1,q(Ω) for any 1 < q < 2, where
G ∈ C∞(Ω \ {p}) is a Green function satisfying the following equation
−∆G = δp + αG−|Ω|−1 in Ω,
∂ν G = 0 on ∂Ω \ {p},∫
Ω
G dx = 0,
(3.7)
where δp is the Dirac measure at p. Moreover, there holds cεuε → G in C∞loc(Ω).
Proof. The proof of this proposition is similar to the proof of Lemma 4.9 in [Yan07]
with only slight modification is needed; therefore we omit the details. 
For future benefit, it is worth noticing that the Green function G appearing in
(3.7) above takes the form
G(x) = − 1
π
log(|x− p|) +Ap + β(x), (3.8)
where Ap is constant, β ∈ C1(Ω), and β(x) = O(|x − p|).
4. Capacity estimates
In this section we use capacity techniques to calculate lim supε→0 λεc
−2
ε ; hence
by Lemma 3.2 we have an upper bound of
sup
u∈
◦
H1(Ω),‖u‖1,α61
∫
Ω
e2piu
2
dx,
under the blow-up assumption, that is cε → ∞ as ε → 0. The main result of this
section is given in Proposition 4.1 below. We note here that the technique of using
capacity estimate applied to this kind of problems was discovered by Li [Li01] in
dealing with the Moser–Trudinger inequality.
Take an isothermal coordinate (U , φ) around the blow-up point p as above. We
denote yε = φ(xε) and define the function u˜ε as in (3.3). In such a coordinate
system, the original flat metric g = dx21 + dx
2
2 has the form
g = e2f(y)(dy21 + dy
2
2)
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with f(0) = 0. Then by a simple change of variables, we have
|∇uε|2dx1dx2 = |∇u˜ε|2dy1dy2.
Fix 0 < δ < 1/2 and R > 0, thanks to Claim 3, for sufficiently small ε we can define
Tε(a, b) =
{
u ∈ H1(Bδ(yε) \ BrεR(yε)) : u = a on ∂ Bδ(yε), u = b on ∂ BRrε(yε)
}
.
Denote 
sε = sup
∂ Bδ(yε)
u˜ε,
iε = inf
∂ BRrε (yε)
u˜ε.
Recall the definition of ϕε in (3.4) and the convergence ϕε → ϕ in C1(BR/4(0)) for
any R > 0 where ϕ is given in (3.6). By this convergence result, we know that
u˜ε(yε + rε·)→ cε + 1
cε
(
− 1
2π
log
(
1 +
π
2
| · |2
))
in C1(BR/4(0)). Therefore, on the boundary ∂ BRrε(yε) shrinking to zero we obtain
iε = cε +
1
cε
(
− 1
2π
log
(
1 +
πR2
2
)
+ oε(R) + oε(1)
)
(4.1)
while on the fixed boundary ∂ Bδ(yε) far from zero we deduce from Proposition 3.4
that
sε =
1
cε
(
− 1
π
log δ +Ap + oδ(1) + oε(1)
)
, (4.2)
where the errors oε(1) → 0 as ε → 0, oδ(1) → 0 as δ → 0, and oε(R) → 0 as
ε → 0 for any fixed R. An immediate consequence of these expansions is that for
ε sufficient small, we get sε 6 iε. A simple variational technique implies that the
value
inf
u˜∈Tε(sε,iε)
∫
Bδ(yε)\BrεR(yε)
|∇u˜|2dy
is attained by a function h˜ ∈ H1(Bδ(yε) \ BRrε(yε)) satisfying
∆h˜ = 0 in Bδ(yε) \ BRrε(yε),
h˜ = sε on ∂ Bδ(yε),
h˜ = iε on ∂ BRrε(yε).
In fact, it is not hard to verify that the function h is given as follows
h˜(y) =
sε(log |y − yε| − log(Rrε)) + iε(log δ − log |y − yε|)
log δ − log(Rrε) ,
and hence by a direct calculation∫
Bδ(yε)\BRrε (yε)
|∇h˜|2dy = 2π(sε − iε)
2
log δ − log(Rrε) . (4.3)
We now estimate the left hand side of (4.3) from above. Set
u˜′ε = max
{
sε,min{u˜ε, iε}
}
.
Clearly u˜′ε ∈ Tε(sε, iε); therefore we have∫
Bδ(yε)\BrεR(yε)
|∇h˜|2dy 6
∫
Bδ(yε)\BrεR(yε)
|∇u˜′ε|2dy
6
∫
Bδ(yε)\BrεR(yε)
|∇u˜ε|2dy
=
∫
Bδ(yε)
|∇u˜ε|2dy −
∫
BRrε (yε)
|∇u˜ε|2dy.
(4.4)
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In view of Proposition 3.4, we can estimate the first term on the far right hand side
of (4.4) as follows
∫
Bδ(yε)
|∇u˜ε|2dy =
∫
Bδ(yε)∩R2+
|∇u˜ε|2dy +
∫
Bδ(yε)∩R2−
|∇u˜ε|2dy
6 2
∫
Bδ(yε)∩R2+
|∇u˜ε|2dy
= 2
∫
φ−1(Bδ(yε))
|∇uε|2dx
= 2 + 2α‖uε‖22 − 2
∫
Ω\φ−1(Bδ(yε))
|∇uε|2dx
= 2 +
2
c2ε
(
α‖G ‖22 −
∫
Ω\φ−1(Bδ(0))
|∇G |2dx+ oε(1) + oε(δ)
)
,
(4.5)
where oε(1)→ 0 as ε→ 0 and oε(δ)→ 0 as ε→ 0 and δ is fixed. Using (3.7), (3.8),
and integration by parts, we get∫
Ω\φ−1(Bδ(0))
|∇G |2dx = − 1
π
log δ +Ap + α‖G ‖22 + oε(δ) + oε(1) + oδ(1). (4.6)
Recall that the scaled function ϕε → ϕ in C1loc(R2) with ϕ a standard solution
given by (3.6). Whence
∫
BRrε (yε)
|∇u˜ε|2dy = 1
c2ε
∫
BR(0)
|∇ϕε|2dy
=
1
c2ε
(∫
BR(0)
|∇ϕ|2dy + oε(R)
)
=
1
c2ε
( 1
π
log
(
1 +
π
2
R2
)
− 1
π
+ oR(1) + oε(R)
)
,
(4.7)
thanks to (3.4). Consequently, combining (4.4)–(4.7) gives
∫
Bδ(yε)\BrεR(yε)
|∇h˜|2dy 6 2 + 2
c2ε
( 1
π
log δ −Ap − 1
2π
log
(
1 +
π
2
R2
)
+
1
2π
+ oε(δ) + oε(1) + oδ(1) + oR(1) + oε(R)
)
.
(4.8)
We now go back to (4.3) to estimate the right hand side of (4.3). From the definition
of rε right before Claim 4, we get that
log δ − log(Rrε)
2π
=
log δ − logR
2π
− 1
4π
log
λε
c2ε
+
αεc
2
ε
4π
.
From the expression of iε in (4.1) and sε in (4.2), we have
(iε − sε)2 = c2ε +
2
π
log δ − 2Ap − 1
π
log
(
1 +
π
2
R2
)
+ oε(R) + oε(1) + oδ(1).
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Thus, we obtain from the last two estimates together with (4.3) and (4.8) the
following
c2ε +
2
π
log δ − 2Ap − 1
π
log
(
1 +
π
2
R2
)
+ oε(R) + oε(1) + oδ(1)
6
(
log δ − logR
2π
− 1
4π
log
λε
c2ε
+
αεc
2
ε
4π
)
×
[
2 +
2
c2ε
( 1
π
log δ −Ap − 1
2π
log
(
1 +
π
2
R2
)
+
1
2π
+ oε(δ) + oε(1) + oδ(1) + oR(1) + oε(R)
)]
=
log δ − logR
π
− 1
2π
(1 + oε(1) + oε(δ) + oε(R)) log
λε
c2ε
+
αεc
2
ε
2π
+
αε
2π
1
π
log δ − αε
2π
Ap − αε
2π
1
2π
log
(
1 +
π
2
R2
)
+
αε
4π2
+ oε(δ) + oε(1) + oδ(1) + oR(1) + oε(R).
Thus, after a tedious computation, we arrive at
1
2π
(1 + oε(1)+oε(δ) + oε(R)) log
λε
c2ε
6
1
2π
+
1
2π
log
π
2
+Ap + oε(δ) + oε(1) + oδ(1) + oR(1) + oε(R).
We now let ε → 0 and then let δ → 0 and R → ∞ to get from the preceding
estimate the following
lim sup
ε→0
(λε
c2ε
)
6
π
2
e1+2piAp .
Combining the preceding estimate, Lemma 3.2, and Lemma 3.3 in the previous
section, we obtain the following key estimate.
Proposition 4.1. As ε→ 0, if cε →∞, then the inequality
sup
u∈
◦
H1(Ω),‖u‖1,α61
∫
Ω
e2piu
2
dx 6 |Ω|+ π
2
e1+2piAp
holds.
5. Proofs of main theorems
5.1. Proofs of Theorems 1.1 and 1.3. This part is devoted to proofs of The-
orems 1.1 and 1.3. First we prove Theorem 1.1. If cε is bounded, by applying
standard elliptic theory to (2.2), we see that uε → u∗ in C2(Ω) which implies
Theorems 1.1. If cε →∞ as ε→ 0, then Theorem 1.1 follows from Proposition 4.1.
Next we prove Theorem 1.3. To this end, our aim is to construct a sequence
φε ∈
◦
H1(Ω) such that ‖∇φε‖1,α = 1 and∫
Ω
e2piφ
2
εdx > |Ω|+ π
2
e1+2piAp , (5.1)
for ǫ > 0 small enough.
If, for a moment, this construction is possible, then in view of Proposition 4.1
above we get the boundedness of cε. From this by considering the maximizing
sequence {uε} for {cε} and applying standard elliptic theory to (2.2), we see that
uε → u∗ in C2(Ω) for some function u∗. From this, it is routine to realize that u∗ is
the optimal function we are looking form. The proof of Theorems 1.3 then follows.
Thus, in the rest of this section, we aim to construct a sequence {φε} ⊂ H1(Ω)
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having all properties mentioned earlier. For clarity, we divide our construction into
several steps.
Step 1. Let p ∈ ∂Ω be the blow-up point. Again we take an isothermal coordinates
around p represented by φ. Starting from a sufficiently small ε ∈ (0, 1) chosen in
such a way that we can identify, via φ, Ω ∩ B2Rε(p) as a half-ball in R2+ where
R = − log ε. (Keep in mind that our choice for R guarantees that R ր +∞ and
that Rε ց 0 as ε ց 0.) We consider two sequences of functions {wε}ε and {φε}ε
defined by
wε = w˜ε ◦ φ, φε = wε − |Ω|−1
∫
Ω
wεdx,
where w˜ε is a radially symmetric function centered at φ(p) ≡ 0 given by
w˜ε(r) =

c+
1
c
(
− 1
2π
log
(
1 +
π
2
r2
ε2
)
+A
)
if 0 < r < Rε,
G−ηβ
c
if Rε 6 r < 2Rε,
G
c
if r > 2Rε,
where η is cut-off function in B2Rε(p) satisfying η ≡ 1 in BRε(p) and ‖∇η‖∞ =
O((Rε)−1), and c, A are constants to be determined later. (Here, in order to avoid
introducing further notations, the Green function G is understood both in the
orginial coordinates with center at p or after making use of the isothermal coordi-
nates with center at zero.) In order for wε to belong to H
1(Ω), we choose A in such
a way that wε is continuous across ∂BRε(p). This forces
c+
1
c
(
− 1
2π
log
(
1 +
π
2
R2
)
+A
)
= lim
rրRε
wε(r)
= lim
rցRε
wε(r) =
1
c
(
− 1
π
log(Rε) +Ap
)
,
which gives
A = −c2 + 1
2π
log
(
1 +
π
2
R2
)
− 1
π
log(Rε) +Ap
= −c2 + 1
2π
log
π
2
− 1
π
log ǫ+Ap +O(R
−2). (5.2)
From this we obtain
cwε(r)
∣∣
BRε(p)\{p}
= − 1
2π
log
(
1 +
π
2
r2
ε2
)
+
1
2π
log
(
1 +
π
2
R2
)
− 1
π
log(Rε) +Ap.
(5.3)
Clearly
∫
Ω φεdx = 0; hence φε ∈
◦
H1(Ω). In the next step, we carefully select c in
such a way that ‖∇φε‖1,α = 1. Then in the last step, we verify (5.1).
Step 2. In this step, to determine c, we first compute the Dirichlet integral∫
Ω |∇wε|2dx. Thanks to (A.1), we have∫
Ω
|∇wε|2dx = 1
c2
(
α
∫
Ω
G
2 dx− log ε
π
+
1
2π
log
π
2
+Ap − 1
2π
+O(R−2)
)
. (5.4)
We next compute
∫
Ω wεdx and
∫
Ωw
2
εdx. Using the main estimate in (B.1), we have∫
Ω
wεdx =
1
c
O((Rε)2 log(Rε)).
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In particular, (∫
Ω
wεdx
)2
=
1
c2
O(R−2). (5.5)
Similarly, using the main estimate (C.1) in Appendix C we have∫
Ω
w2εdx =
1
c2
(∫
Ω
G
2 dx+O((Rε)2(log(Rε))2)
)
. (5.6)
Thus, combining (5.4), (5.5), and (5.6) we get
‖φε‖21,α =
∫
Ω
|∇wε|2dx− α
∫
Ω
w2εdx+ α
1
|Ω|
(∫
Ω
wεdx
)2
=
1
c2
(
− log ε
π
+
1
2π
log
π
2
+Ap − 1
2π
+O(Rε log(Rε)) +O(R−2)
)
=
1
c2
(
− log ε
π
+
1
2π
log
π
2
+Ap − 1
2π
+O
( 1
(log ε)2
))
,
here we have already used R = − log ε. Therefore, for ε sufficient small, we can
choose c in such a way that ‖φε‖1,α = 1. Indeed, a direct computation leads us to
c2 = − log ε
π
+Ap +
1
2π
log
π
2
− 1
2π
+O
(
1
(log ε)2
)
. (5.7)
In particular, it follows from (5.2) that
A =
1
2π
+O(Rε log(Rε)) +O(R−2). (5.8)
By now, we know that φε ∈
◦
H1(Ω) with ‖∇φε‖1,α = 1. Then in the last step, we
shall prove that (5.1) actually holds provided ε is small.
Step 3. We next compute
∫
Ω e
2piφ2εdx. On the region Ω \ BRε(p) we apply the
elementary inequality ex > 1 + x to get∫
Ω\BRε(p)
e2piφ
2
εdx >
∫
Ω\BRε(p)
(1 + 2πφ2ε)dx
= |Ω \BRε|+ 2π
c2
(∫
Ω\BRε(p)
G
2 dx+O(R−2)
)
= |Ω|+ 2π
c2
(∫
Ω
G
2 dx+O(R−2)
)
+O((Rε)2)
= |Ω|+ 2π
c2
(∫
Ω
G
2 dx+O(R−2)
)
,
since c2 = O(R) by (5.7). On Ω ∩BRε(p), we use the formula for wε to obtain
φ2ε =w
2
ε +
(
|Ω|−1
∫
Ω
wεdx
)2
− 2|Ω|wε
∫
Ω
wεdx
=c2 + 2
(
− 1
2π
log
(
1 +
π
2
r2
ε2
)
+A
)
+
(
− 1
2π
log
(
1 +
π
2
r2
ε2
)
+A
)2
+
(
|Ω|−1
∫
Ω
wεdx
)2
− 2|Ω|wε
∫
Ω
wεdx
>c2 + 2
(
− 1
2π
log
(
1 +
π
2
r2
ε2
)
+A
)
− 2wε|Ω|
∫
Ω
wεdx
=c2 + 2
(
− 1
2π
log
(
1 +
π
2
r2
ε2
)
+A
)
+
1
c2
O(R−2).
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Hence, combining the preceding computation with (5.8) gives
φ2ε >−
1
π
log ε+Ap +
1
2π
log
π
2
+
1
2π
− 1
π
log
(
1 +
π
2
r2
ε2
)
+
1
c2
O(R−2)
Consequently,
2πφ2ε >− 2 log ε+ log
π
2
+ 2πAp + 1− 2 log
(
1 +
π
2
r2
ε2
)
+
1
c2
O(R−2).
Using this estimate, we can integrate exp(2πφ2ε) over Ω ∩BRε(p) to get∫
Ω∩BRε(p)
e2piφ
2
εdx >
π
2
e1+2piAp exp
( 1
c2
O(R−2)
)
ε−2
∫
Ω∩BRε(p)
(
1 +
π
2
r2
ε2
)−2
dx
=
π
2
e1+2piAp exp
( 1
c2
O(R−2)
) ∫
BR(p)∩ε−1(Ω−p)
(
1 +
π
2
r2
)−2
dx
=
π
2
e1+2piAp
(
1 +O(R−2)
)
.
This combined with the estimate for
∫
Ω\BRε(p)
exp
(
2πφ2ε
)
dx obtained earlier gives∫
Ω
e2piφ
2
εdx > |Ω|+ π
2
e1+2piAp +
2π
c2
(∫
Ω
G
2 dx+ c2O(R−2) + O(R−2)
)
= |Ω|+ π
2
e1+2piAp +
2π
c2
(∫
Ω
G
2 dx+O(R−1)
)
Recall that R = − log ε. Thus, (5.1) holds provided ε > 0 is small enough. This
finishes our proof.
5.2. Proof of Corollary 1.2. In this part, we prove (1.10). Indeed, for each
function 0 6≡ u ∈ H1(Ω), we set
◦
u = u− |Ω|−1
∫
M
udx
and let
v =
◦
u(‖∇ ◦u ‖22 − α‖
◦
u ‖22)−1/2.
Since α ∈ [0, λN(Ω)), it is not hard to see that v is well-defined. Furthermore, the
function v satisfies
∫
Ω
vdx = 0 and ‖v‖1,α = 1. Making use of (1.9), there exists
some uniform constant C > 0 such that∫
Ω
e2piv
2
dx 6 C < +∞.
Notice that (√
2πv − (‖∇
◦
u ‖22 − α‖
◦
u ‖22)1/2
2
√
2π
)2
> 0,
which implies
◦
u− 1
8π
(‖∇ ◦u ‖22 − α‖
◦
u ‖22) 6 2πv2.
Hence∫
Ω
exp(
◦
u)dx 6 C exp
( 1
8π
∫
Ω
|∇u|2dx− α
8π
∫
Ω
u2dx+
α
8π
|Ω|−1
(∫
Ω
udx
)2)
.
(Here we notice that ‖ ◦u ‖22 = ‖u‖22 − |Ω|−1
(∫
Ω udx
)2
.) From this we obtain∫
Ω
eudx 6 C exp
( 1
8π
∫
Ω
|∇u|2dx − α
8π
∫
Ω
u2dx +
1
|Ω|
∫
Ω
udx
)
as claimed in (1.10).
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5.3. An application to a boundary value problem for mean field-type
equations. In the last part of the paper, we illustrate how to use (1.10) by an
example. Inspired by [CY88, Eq. (1.2)], let us consider the following Neumann
boundary condition for a linear pertubation of mean field equations on domains−∆u− αu = ρ
(
feu∫
Ω fe
udx
− 1|Ω|
)
in Ω,
∂νu = 0 on ∂Ω,
(5.9)
where Ω ⊂ R2 is a smooth, bounded domain with smooth boundary ∂Ω. Here α
and ρ are non-negative parameters to be specified later, f is a positive function,
and by ∂νu we mean the outward normal derivative of u.
We note from (5.9) that because the equation is no longer invariant under trans-
lation due to the linear pertubation, we can freely impose the Neumann boundary
condition. To determine α, as always, let us denote by λN(Ω) the first non-zero
Neumann eigenvalue of −∆. Then we assume that α ∈ [0, λN(Ω)). For the pa-
rameter ρ, insprired by the analysis of mean field equations, we aslo focus on the
interesting case ρ > 0.
Theorem 5.1. Suppose that Ω ⊂ R2 is a smooth, bounded domain with smooth
boundary ∂Ω and that f is a positive function on Ω. Then, for any α ∈ [0, λN(Ω))
and ρ ∈ (0, 4π), there exists a non-trivial solution of (5.9).
Proof. To look for a solution of (5.9), we minimize the following energy functional
F (u) =
1
2
∫
Ω
(|∇u|2 − αu2)dx− ρ log(∫
M
feudx
)
over a close subset
◦
H1(Ω) of H1(Ω). By the Poincare´ inequality, it is easy to verify
that ‖u‖ = (∫Ω |∇u|2dx)1/2 is a norm on the subspace ◦H1(Ω). A direct calculation
shows that if u minimizes F in
◦
H1(Ω), then u weakly solves
−∆u− αu+ µ = ρ fe
u∫
Ω fe
udx
(5.10)
in Ω for some constant µ together with the boundary condition
∂νu = 0
on ∂Ω. Integrating both sides of (5.10) over Ω gives µ = ρ/|Ω|. By standard
regularity theory, we conclude that u solves (5.9). Thus, it suffices to show that
infu F (u) is achieved in
◦
H1(Ω). However, thanks to (1.10), there is some uniform
constant C > 0 such that
ρ log
( ∫
M
feudx
)
6
ρ
4π
(1
2
∫
Ω
(|∇u|2 − αu2)dx) + Cρ+ ρ log f.
Thanks to ρ < 4π, we deduce that
F (u) >
1
2
(
1− ρ
4π
)∫
Ω
(|∇u|2 − αu2)dx− Cρ− ρ log f
>C−1‖u‖2 − Cρ− ρ log f.
This implies that F is bounded from below and coercive, which is enough to see
that infu F (u) is achieved by standard arguments. 
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Appendices
In the following appendices, we aim to estimate
∫ |∇wε|2dx, ∫ wεdx, and ∫ wε|2dx
needed before. For convenience, let us recall that p is the blow-up point and we
shall use normal coordinates around p. Therefore, in the rest of computation, we
assume that ε is sufficiently small such that Ω ∩ BRε(p) is the half-ball B+Rε(0) in
R2+ where R = − log ε. We also recall the definition of wε
cwε(r) =

1
2π
[
log
(
1 +
π
2
R2
)
− log
(
1 +
π
2
r2
ε2
)]
− 2 log(Rε) +Ap, 0 < r < Rε,
G−ηβ, Rε 6 r < 2Rε,
G, r > 2Rε,
and φε(r) = wε(r) − |Ω|−1
∫
Ω
wεdx, where η is cut-off function.
Appendix A. Various estimates of
∫ |∇wε|2dx
In this appendix, we show that∫
Ω
|∇wε|2dx = 1
c2
(
α
∫
Ω
G
2 dx− log ε
π
+
1
2π
log
π
2
+Ap − 1
2π
+O(R−2)
)
.
(A.1)
with R = − log ε. To realize (A.1), we split ∫
Ω
=
∫
Ω∩BRε(p)
+
∫
Ω\BRε(p)
and estimate
term by term.
A.1. Estimate of
∫
Ω∩BRε(p)
|∇wε|2dx. On the region Ω ∩BRε(p), we use (5.3) to
get
∇xwε(r)
∣∣
BRε(p)\{p}
= −1
c
1
2π
∇x log
(
1 +
π
2
r2
ε2
)
= −1
c
x
2ε2 + πr2
.
From this, for small ε and by Taylor’s expansion we obtain∫
Ω∩BRε(p)
|∇wε|2dx = π
c2
∫ Rε
0
s3
(2ε2 + πs2)2
ds
=
1
2πc2
(
log(πR2 + 2)− log 2− πR
2
πR2 + 2
)
=
1
2πc2
(
2 logR+ log
π
2
− 1 +O(R−2)
)
.
A.2. Estimate of
∫
Ω\BRε(p)
|∇wε|2dx. We write
c2
∫
Ω\BRε(p)
|∇wε|2dx =
∫
B2Rε(p)\BRε(p)
|∇(G−ηβ)|2dx+
∫
Ω\B2Rε(p)
|∇G |2dx
=
∫
Ω\BRε(p)
|∇G |2dx− 2
∫
B2Rε(p)\BRε(p)
∇G∇(ηβ)dx
+
∫
B2Rε(p)\BRε(p)
|∇(ηβ)|2dx
=A2,1 +A2,2 +A2,3.
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Since β(r) = O(r), there holds∇(ηβ) 6 c in the region B2Rε(p)\BRε(p). Therefore,
A2,2 = A2,3 = O(Rε). For the term A2,1, we now multiply both sides of the equation
satisfied by ∆G in (3.7) by G and integrate by parts over Ω \BRε(p) to get∫
Ω\BRε(p)
|∇G |2dx =α
∫
Ω\BRε(p)
G
2 dx −
∫
∂(Ω\BRε(p))
G
∂G
∂ν
dσx − 1|Ω|
∫
Ω\BRε(p)
G dx
=α
∫
Ω
G
2 dx− α
∫
BRε(p)
G
2 dx−
∫
∂BRε(p)\∂Ω
G
∂G
∂ν
dσx
+
1
|Ω|
∫
BRε(p)
G dx.
Notice that in order to obtain the last step, we have used ∂(Ω \ BRε(p)) = [∂Ω \
∂BRε(p)] ∪ [∂BRε(p) \ ∂Ω] and ∂ν G ≡ 0 on Ω \ {p}. Hence, it remains to estimate∫
∂BRε(p)\∂Ω
G ∂ν G dσx and
∫
BRε(p)
G dx. For the integral,
∫
BRε(p)
G dx, it is not
hard to see that∫
BRε(p)
G dx =−
∫ Rε
0
s log sds+O((Rε)2) +O((Rε)3)
=O((Rε)2 log(Rε)) +O((Rε)2).
Similarly, we have ∫
BRǫ(p)
G
2 dx = O((Rε log(Rε))2).
For the integral
∫
∂BRε(p)\∂Ω
G ∂ν G dσx, a direct calculation leads us to∫
∂BRε(p)\∂Ω
G ∂ν G dσx = − log(Rε)
π
+ Ap +O(Rε log(Rε)).
Thus,
c2
∫
Ω\BRε(p)
|∇wε|2dx = α
∫
Ω
G
2 dx− log(Rε)
π
+Ap +O(Rε log(Rε)).
Appendix B. Various estimates of
∫
wεdx
In this appendix, we show that∫
Ω
wεdx =
1
c
O((Rε)2 log(Rε)) (B.1)
with R = − log ε. As before, we also split ∫Ω = ∫Ω∩BRε(p)+ ∫Ω\BRε(p) and estimate
term by term.
B.1. Estimate of
∫
Ω∩BRε(p)
wεdx. For this integral, we estimate as follows:
c
∫
Ω∩BRε(p)
wεdx =− 1
2π
∫
Ω∩BRε(p)
log
(
1 +
π
2
r2
ε2
)
dx
+
1
2
log
(
1 +
π
2
R2
)
(Rε)2 − log(Rε)(Rε)2 + πAp(Rε)2
=−
∫ Rε
0
s log
(
1 +
π
2
s2
ε2
)
ds
+
1
2
log
(
πR2 + 2
)
(Rε)2 +O((Rε)2 log(Rε)) +O((Rε)2)
=
ε2
2π
[− (πR2 + 2) log(πR2 + 2) + (πR2 + 2) log 2 + πR2]
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+
1
2
log
(
πR2 + 2
)
(Rε)2 +O((Rε)2 log(Rε)) +O((Rε)2)
=− ε
2
π
log(πR2 + 2) +O((Rε)2 log(Rε)) +O((Rε)2) +O(ε2)
=O((Rε)2 log(Rε)) +O((Rε)2) +O(ε2).
B.2. Estimate of
∫
Ω\BRε(p)
wεdx. To estimate this integral, we use the formula∫
ΩG dx = 0 and the co-area formula as follows:
c
∫
Ω\BRε(p)
wεdx =
∫
Ω\B2Rε(p)
G dx +
∫
B2Rε(p)\BRε(p)
(G−ηβ)dx
=−
∫
Ω∩BRε(p)
G dx−
∫
B2Rε(p)\BRε(p)
ηβdx
=
∫ Rε
0
s log sds+ (Ap +O(Rε))
∫
Ω∩BRε(p)
dx+O((Rε)2)
=O((Rε)2 log(Rε)) +O((Rε)2).
Appendix C. Various estimates of
∫
w2εdx
In this appendix, we show that∫
Ω
w2εdx =
1
c2
(∫
Ω
G
2 dx+O((Rε)2(log(Rε))2)
)
(C.1)
with R = − log ε. As always, we also split ∫
Ω
=
∫
Ω∩BRε(p)
+
∫
Ω\BRε(p)
and estimate
term by term.
C.1. Estimate of
∫
Ω∩BRε(p)
w2εdx. We estimate this term as follows:
(2π)2c2
∫
Ω∩BRε(p)
w2εdx =
∫
Ω∩BRε(p)
[
log
(
1 +
π
2
r2
ε2
)]2
dx
+
∫
Ω∩BRε(p)
[
log
(
1 +
π
2
R2
)]2
dx
+ 4
∫
Ω∩BRε(p)
(log(Rε))2dx+
∫
Ω∩BRε(p)
(2πAp)
2dx
− 2
∫
Ω∩BRε(p)
[
log
(
1 +
π
2
r2
ε2
)][
log
(
1 +
π
2
R2
)]
dx
+ 4
∫
Ω∩BRε(p)
[
log
(
1 +
π
2
r2
ε2
)]
log(Rε)dx
− 4πAp
∫
Ω∩BRε(p)
[
log
(
1 +
π
2
r2
ε2
)]
dx
− 4
∫
Ω∩BRε(p)
[
log
(
1 +
π
2
R2
)]
log(Rε)dx
+ 4π
∫
Ω∩BRε(p)
[
log
(
1 +
π
2
R2
)]
dx
− 8πAp
∫
Ω∩BRε(p)
log(Rε)dx
=O((Rε)2(log(Rε))2) +O((Rε)2 log(Rε)) +O((Rε)2).
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C.2. Estimate of
∫
Ω\BRε(p)
w2εdx. We write∫
Ω\BRε(p)
w2εdx =
1
c2
∫
B2Rε(p)\BRε(p)
(G−ηβ)2dx+ 1
c2
∫
Ω\B2Rε(p)
G
2 dx
=
1
c2
∫
Ω\BRε(p)
G
2 dx− 2
c2
∫
B2Rε(p)\BRε(p)
G(ηβ)dx
+
1
c2
∫
B2Rε(p)\BRε(p)
(ηβ)2dx
=
1
c2
(∫
Ω\BRε(p)
G
2 dx+ C1 + C2
)
.
Since η is bounded, β(r) = O(r), and Rε ց 0 as ε → 0, we deduce that C2 =
O((Rε)2). For the term C1, we estimate as follows
C1 =O(Rε)
∫
B2Rε(p)\BRε(p)
(
log |x|+Ap + |β(x)|
)
dx
=O(Rε)
∫ 2Rε
Rε
s log sds+O((Rε)3) +O((Rε)4)
=O((Rε)3 log(Rε)) +O((Rε)3) +O((Rε)4).
Hence we have just shown that∫
Ω\BRε(p)
w2εdx =
1
c2
(∫
Ω\BRε(p)
G
2 dx+O((Rε)2)
)
=
1
c2
(∫
Ω
G
2 dx+O((Rε log(Rε))2) +O((Rε)2)
)
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